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1. Introduction
Let E be a Banach space and let Γ be a nonempty subspace of its dual E∗ . If
sup
{
x∗(x): x∗ ∈ Γ, ∥∥x∗∥∥= 1}= ‖x‖,
for each x ∈ E , then we say that Γ is a norming set for E . It is obvious that a norming set generates a Hausdorff linear
topology σ(E,Γ ) which is weaker than the weak topology σ(E, E∗). It is worth noting here that n(E) ⊆ E∗∗ is a norming
set for E∗ , where n is a natural embedding of E into E∗∗ , and hence, for Γ = n(E), σ(E,Γ ) is the weak* topology on E∗ .
In the sequel we will always assume that Γ is a norming set for E . Let C be a nonempty closed and convex subset of E .
A mapping T : C → C is said to be nonexpansive if ‖T x − T y‖  ‖x − y‖, for all x, y ∈ C . We say that C has the ﬁxed
point property if every nonexpansive T : C → C has a ﬁxed point. It is not clear that a set having the ﬁxed point property
must be bounded. For a Banach space E , we say that E has the ﬁxed point property if, for every nonempty closed bounded
convex subset C of E , every nonexpansive mapping of C into itself has a ﬁxed point; E has the weak ﬁxed point property
(respectively, σ(E,Γ )-ﬁxed point property) if the class of sets C above is restricted to the weakly compact (respectively,
σ(E,Γ )-compact) convex sets; E has the weak* ﬁxed point property if E is a dual space and the class of sets C is restricted
to the weak* compact convex subsets of E .
Determining conditions on a Banach space E so that it has the ﬁxed point property has been of considerable interest
for many years. A well-known open problem in Banach spaces is whether every reﬂexive Banach space has the ﬁxed point
property for nonexpansive mappings. Kirk [10] proved that a weakly compact convex subset of a Banach space with weak
normal structure has the ﬁxed point property. Kirk’s proof of his result also yields that a weak* compact convex subset of a
Banach space with weak* normal structure has the ﬁxed point property (see [19]). The condition above that C has normal
structure cannot be dropped. In fact, Alspach [1] showed that L1[0,1] fails the weak ﬁxed point property. Maurey [21],
however, has proved that if X ⊆ L1[0,1] and is reﬂexive then X has the ﬁxed point property. We recall that a convex
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a nondiametral point (i.e., a point x0 such that sup{‖x0 − x‖: x ∈ K } < diam(K )). A weak∗ closed convex subset C of a
dual space has weak∗ normal structure if every weak∗ compact convex subset K of C which contains more than one
point contains a nondiametral point. It is easy to see that for a weak∗ closed convex subset C of a dual space the following
implications hold: normal structure ⇒ weak∗ normal structure ⇒ weak normal structure. Further, if C is weakly compact
then these notions coincide. It is known that every compact convex subset of a Banach space has normal structure. A Banach
space E is said to have weak normal structure if every nontrivial weakly compact convex subset of E has normal structure;
and, a dual Banach space E has weak∗ normal structure if every nontrivial weak∗ compact convex subset of E has weak∗
normal structure. All uniformly convex (in every direction), uniformly smooth and ﬁnite-dimensional Banach spaces have
normal structure. Reﬂexive Banach spaces with the Opial condition have normal structure. 1 and C[0,1] do not have normal
structure; however, 1 possesses weak∗ normal structure. As other examples, the Fourier–Stieltjes algebra when the group
is compact [13,14], the ideal of trace class operators on a Hilbert space [15,18] and the classical Hardy space on the unit
disc of the space of complex numbers [3] have weak∗-normal structure.
Assume that S is a semigroup and B(S) is the space of all bounded real-valued functions deﬁned on S with supremum
norm. For s ∈ S and f ∈ B(S), we deﬁne elements ls f and rs f in B(S) by (ls f )(t) = f (st) and (rs f )(t) = f (ts) for each t ∈ S ,
respectively. Let X be a subspace of B(S) containing 1 and let X∗ be its topological dual. An element μ of X∗ is said to be a
mean on X if ‖μ‖ = μ(1) = 1. We often write μt( f (t)) instead of μ( f ) for μ ∈ X∗ and f ∈ X . Let X be ls-and rs-invariant,
i.e. ls(X) ⊂ X and rs(X) ⊂ X for each s ∈ S . A mean μ on X is said to be right (resp. left) invariant if μ(rs f ) = μ( f ) (resp.
μ(ls f ) = μ( f )) for each s ∈ S and f ∈ X . A mean μ on X is said to be invariant if it is both left and right invariant. X
is said to be (right) amenable if there is an (right) invariant mean on X . As is well known, B(S) is amenable when S is a
commutative semigroup. A semitopological semigroup S is a semigroup with Hausdorff topology such that for each a ∈ S ,
the mappings s 
→ s.a and s 
→ a.s from S into S are continuous. A semitopological semigroup S is left reversible if any
two closed right ideal of S have non-void intersection. If S is left amenable (i.e., B(S) is left amenable) then the discrete
semigroup S is left reversible.
Let S be a semitopological semigroup and S = {Ts: s ∈ S} a representation of self-maps on C (i.e., Tts = Tt ◦ Ts for each
t, s ∈ S). Then, S is called a continuous representation of S if for every x0 ∈ C , the map s 
→ Ts(x0) from S to C (with the
norm topology) is continuous. We denote by Fix(S) the set of common ﬁxed points of S . Lau showed in [11] that if E
is a Banach space and S = {Ts: s ∈ S} is a continuous representation of a left reversible semitopological semigroup S as
nonexpansive self-maps on a nonempty compact convex subset of E , then Fix(S) = ∅. We say a Banach space E has the
weak ﬁxed point property (respectively, σ(E,Γ )-ﬁxed point property) for left reversible semigroups if whenever S is a left
reversible semitopological semigroup and S = {Ts: s ∈ S} is a continuous representation of S as nonexpansive self-maps on
a nonempty weakly compact (respectively, σ(E,Γ )-compact) convex subset of E , then Fix(S) = ∅. Similarly a dual Banach
space E has the weak∗ ﬁxed point property for left reversible semigroups if whenever S is a left reversible semitopological
semigroup and S = {Ts: s ∈ S} is a continuous representation of S as nonexpansive self-maps on a nonempty weak∗ com-
pact convex subset of E , then Fix(S) = ∅. Bruck [4] showed that a Banach space E having the weak ﬁxed point property has
the weak ﬁxed point property for commutative semigroups, and Lim showed in [20] that a Banach space with weak normal
structure has the weak ﬁxed point property for left reversible semigroups. For dual Banach spaces, it is known (see [20,
23,13,22,19]) that any of the spaces 1, uniformly convex Banach spaces, the Schatten (trace) class operators on a Hilbert
space, Fourier–Stieltjes algebra of a compact group and the Hardy space H1 on the unit disc of complex plane have the
weak∗ ﬁxed point property for left reversible semigroups, however, any corresponding general statement is still unknown
even for commuting semigroups.
In this paper, using the Bruck’s retraction tool [4,6,7], we prove that if a Banach space E has the σ(E,Γ )-ﬁxed point
property, then E has the σ(E,Γ )-ﬁxed point property for commuting separable semitopological semigroups. Also, we study
the existence of ergodic retractions (see [2,3,28]) for left reversible right amenable semigroups (respectively, commuting
families) of nonexpansive mappings with respect to weak∗ (respectively, σ(E,Γ )-) topology.
2. Ergodic retractions for families of nonexpansive mappings
Recall some general concepts and deﬁnitions. Let E be a Banach space and C be a nonempty subset of E . A mapping
T on C is said to be a retraction if T 2 = T . A subset F of C is called a nonexpansive retract of C if either F = ∅ or there
exists a retraction of C onto F which is a nonexpansive mapping. Nonexpansive retract plays an important role in the study
of the structure of ﬁxed point sets of nonexpansive mappings. For instance, a nonexpansive retract F of C is metrically
convex [7]; i.e., for each pair of distinct points x0, x1 of F there exists a point x of F , distinct from x0 and x1, such that
‖x0 − x1‖ = ‖x0 − x‖ + ‖x − x1‖. We refer the reader to [4–7,26] for more information concerning nonexpansive retracts.
Throughout, Γ denotes a norming set for E . It is easy to observe that the norm of E is lower semicontinuous with respect




for any net {xα} which converges to x in the topology σ(E,Γ ). See [8].
In this section, we study the existence of nonexpansive retractions onto the set of common ﬁxed points of a family of
nonexpansive mappings that commute with the mappings. A nonexpansive retraction that commutes with the mappings is
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presented in this section have the merit of studying the retractions with respect to the σ(E,Γ )-topology which covers both
of the weak and weak∗ topologies.
The following which is the main result of this section will be essential in the sequel.
Theorem 2.1. Let C be a locally σ(E,Γ )-compact convex subset of a Banach space E and ϕ = {Ti: i ∈ I} be a family of nonexpansive
mappings on C such that Fix(ϕ) = ∅. Assume one of the following assumptions is satisﬁed:
(a) for every nonempty σ(E,Γ )-compact convex ϕ-invariant subset K of C ,
K ∩ Fix(ϕ) = ∅;
(b) E is strictly convex.
Then, for each i ∈ I , there exists a nonexpansive retraction Pi from C onto Fix(ϕ), such that Pi Ti = Ti P i = Pi , and every σ(E,Γ )-
closed convex ϕ-invariant subset of C is also Pi-invariant.
Proof. Consider CC with the product topology induced by the topology σ(E,Γ ) on C . Now, consider a ﬁxed α ∈ I and
deﬁne
 := {T ∈ CC : T is nonexpansive, T ◦ Tα = T , and every σ(E,Γ )-closed convex ϕ-invariant subset of C
is also T -invariant
}
.
It is easy to verify for all z ∈ Fix(ϕ) and T ∈ , T z = z. Fix z0 ∈ Fix(ϕ) and for x ∈ C deﬁne Cx = {y ∈ C : ‖y− z0‖ ‖x− z0‖}.
For each x ∈ C and T ∈ , T (x) ∈ Cx since ‖T x− z0‖ ‖x− z0‖. Thus  is a subset of the Cartesian product Ψ =∏x∈C Cx .
Since C is a σ(E,Γ )-closed convex subset and the norm is lower semi-continuous with respect to the topology σ(E,Γ ),
each Cx is convex and σ(E,Γ )-closed. So, because Cx is bounded and C is locally σ(E,Γ )-compact, it follows that Cx
is σ(E,Γ )-compact. If Cx is given the topology σ(E,Γ ) and Ψ is given the corresponding product topology, then by
Tychonoff’s theorem Ψ is compact. We show that  is closed in Ψ . Suppose that {Uλ: λ ∈ Λ} is a net in  which converges
to U in Ψ . Then for z ∈ Fix(ϕ), Uλ(z) = z so U (z) = σ(E,Γ )− limλ Uλ(z) = z. By the lower semi-continuity of the norm with
respect to σ(E,Γ ), for any x, y in C , ‖Ux − U y‖  lim infλ ‖Uλx − Uλ(y)‖  ‖x − y‖. On the other hand, it easily follows
that UoTα = U and every σ(E,Γ )-closed convex ϕ-invariant subset of C is also U -invariant. So we have shown that U ∈ ,
hence that  is closed in Ψ . Since Ψ is compact, therefore  is compact (the topology on  is that of σ(E,Γ )-pointwise
convergence). Furthermore,  = ∅. Indeed, consider the mapping Sn = 1/n∑n−1i=0 T iα ∈ Ψ. The sequence {Sn}n1 satisﬁes
SnTα − Sn → 0 as n → ∞ on C and, also, it has a (σ(E,Γ )-pointwise) convergent subnet {Sn(η)}η , hence that Ψ is compact.
Deﬁne for each x ∈ C , T (x) = σ(E,Γ ) − limη Sn(η)(x). We will check that T ∈ . Note that, by the lower semi-continuity
of the norm with respect to the σ(E,Γ )-topology, T is nonexpansive. Moreover, T (Tαx) = σ(E,Γ ) − limη Sn(η)(Tαx) =
σ(E,Γ )− limη Sn(η)(x) = T (x), because SnTα − Sn → 0, as n → ∞ on C . Finally, if D is a σ(E,Γ )-closed convex ϕ-invariant
subset of C , it is clear that D is Sn-invariant and thus T -invariant. Therefore, we have shown that T ∈  = ∅.
Deﬁne a preorder  in  by T  U if ‖T x− T y‖ ‖Ux−U y‖ for all x, y ∈ C and using the Bruck’s method [7] we obtain
a minimal element R ∈ . Indeed, by considering Zorn’s lemma it suﬃces to show every linearly ordered subset of  has
a lower bound in . If {Uλ} is a linearly ordered subset of  by , the family of sets {T ∈ : T  Uλ} is linearly ordered
by inclusion. The proof that  is closed in Ψ can be repeated to show that these sets are closed in , and hence compact.
So there exists U ∈⋂λ{T ∈ : T  Uλ} with U  Uλ for each λ. Now, we have shown the existence of a minimal element
Pα ∈  in the following sense:
if T ∈  and ∥∥T (x) − T (y)∥∥ ∥∥Pα(x) − Pα(y)∥∥, ∀x, y ∈ C, then ∥∥T (x) − T (y)∥∥= ∥∥Pα(x) − Pα(y)∥∥. (∗)
We shall prove that Pα(x) ∈ Fix(ϕ) for all x ∈ C .
First, we assume the case (a). For a given x ∈ C , consider the set K = {T (Pα(x)): T ∈ }. Then K is a nonempty σ(E,Γ )-
compact convex subset of C , because  is convex and compact. On the other hand, ST Tα = ST (∀S ∈ ϕ , ∀T ∈ ). So it is
easy to see ST ∈  (∀S ∈ ϕ , ∀T ∈ ). Therefore, we have S(K ) ⊆ K , ∀S ∈ ϕ . Considering the assumption (a), K ∩ Fix(ϕ) = ∅;
so, there exists h ∈  with h(Pα(x)) ∈ Fix(ϕ). Let y = h(Pα(x)). Then Pα(y) = h(y) = y, and by using the minimality of Pα ,
we have ‖Pα(x) − y‖ = ‖Pα(x) − Pα(y)‖ = ‖h(Pα(x)) − h(Pα(y))‖ = ‖h(Pα(x)) − y‖ = 0. So Pα(x) = y ∈ Fix(ϕ).
Now, we assume the case (b). Since Pα ∈ , Ti PαTα = Ti Pα , ∀i. So, it easily follows that Ti Pα ∈ , ∀i. Therefore,
using (∗) and the convexity of , we have
‖Ti Pαx− z‖ = ‖Ti Pαx− Ti Pαz‖ = ‖Pαx− z‖ =
∥∥∥∥12 (Ti Pαx+ Pαx) − z
∥∥∥∥,
for all x ∈ C, z ∈ Fix(ϕ) and i ∈ I . Now, because E is strictly convex, it follows that Ti Pαx = Pαx, for all x ∈ C and i ∈ I .
Therefore, Pα(x) ∈ Fix(ϕ) for all x ∈ C . Since this is so for each x ∈ C and Pα belongs to , it follows that P2α = Pα and
PαTα = Tα Pα = Pα . 
Here, we show how we can obtain an ergodic retraction by a nonexpansive retraction.
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mappings on C such that Fix(ϕ) = ∅. If there is a nonexpansive retraction R from C onto Fix(ϕ), then for each i ∈ I , there exists
a nonexpansive retraction Pi from C onto Fix(ϕ), such that Pi Ti = Ti P i = Pi , and every σ(E,Γ )-closed convex ϕ ∪ {R}-invariant
subset of C is also Pi-invariant.
Proof. Put ϕ′ := ϕ ∪ {R}. Since Fix(ϕ) = Fix(ϕ′), we can replace ϕ by ϕ′ in the proof of Theorem 2.1 to obtain a minimal
element Pα ∈  in the sense (∗), where  is deﬁned here as{
T ∈ CC : T is nonexpansive, T ◦ Tα = T , and every σ(E,Γ )-closed convex ϕ′-invariant subset of C
is also T -invariant
}
.
We note that R ◦ T ◦ Tα = R ◦ T , for all T ∈ . Since R ∈ ϕ′ , every σ(E,Γ )-closed convex ϕ′-invariant subset of C is also
R-invariant and consequently R ◦ T -invariant, for all T ∈ . So it is easy to see that R ◦ T ∈ , for all T ∈ . Therefore, for
every x ∈ C , the set K = {T (Pα(x)): T ∈ } is an R-invariant subset of C . So, considering the fact that R(K ) ⊆ K ∩ R(C) =
K ∩ Fix(ϕ), we obtain K ∩ Fix(ϕ) = ∅. Now, we can repeat the argument used in Theorem 2.1 to get the desired result. 
As an application of the above, we my give the following:
Corollary 2.3. Let C be a locally σ(E,Γ )-compact convex subset of a Banach space E, ϕ = {Ti: i ∈ I} be a family of nonexpansive
mappings on C such that Fix(ϕ) = ∅. Assume one of the following assumptions is satisﬁed:
(a) for every nonempty σ(E,Γ )-compact convex ϕ-invariant subset K of C ,
K ∩ Fix(ϕ) = ∅;
(b) E is strictly convex;
(c) there exists a nonexpansive retraction R from C onto Fix(ϕ).
Then, for any x ∈ C,{
Tni x: i ∈ I, n ∈N
}∩ Fix(ϕ) ⊆ {Pix: i ∈ I},
where Pi ’s are the retractions obtained above.
Proof. Assume that f ∈ {Tni x: i ∈ I, n ∈N} ∩ Fix(ϕ) and consider an ε > 0. Then there exist i ∈ I and n ∈ N such that‖Tni x− f ‖ < ε. From our assumptions and applying Theorem 2.1 and Proposition 2.2, there exists a retraction Pi such that
Pi = Pi Ti . Then,
‖Pix− f ‖ =
∥∥Pi T ni x− f ∥∥ ∥∥Tni x− f ∥∥< ε,
which implies f ∈ {Pix: i ∈ I}. This completes the proof. 
3. The σ(E,Γ )-ﬁxed point property for commuting semigroups
The following problem raised by Lau and Mah in [13]: If a dual Banach space E has the weak∗ ﬁxed point property, does
E have the weak∗ ﬁxed point property for commuting semigroups, or left reversible semigroups?
The purpose of this section is to study the σ(E,Γ )-ﬁxed point property (which implies the weak∗ ﬁxed point property)
for a commuting semigroup of nonexpansive mappings.
The following lemma is due to Bruck [4]:
Lemma 3.1. If C is a bounded closed convex subset of a Banach space E and {Fn} is a descending sequence of nonempty nonexpansive
retracts of C , then
⋂∞
n=1 Fn is the ﬁxed point set of some nonexpansive r : C → C.
We will also make use of the following lemma.
Lemma 3.2. If a Banach space E has the σ(E,Γ )-ﬁxed point property, then E has the σ(E,Γ )-ﬁxed point property for commuting
sequences of nonexpansive mappings.
Proof. Let C be a nonempty σ(E,Γ )-compact convex subset of E and {Tn} be a commuting sequence of nonexpansive
mappings on C . If we show that, for each natural number n,
⋂n
j=1 Fix(T j) is a nonempty nonexpansive retract of C , then,
applying Lemma 3.1, we deduce that
⋂∞
n=1 Fix(Tn) is the ﬁxed point set of some nonexpansive mapping r : C → C . That is,
by the σ(E,Γ )-ﬁxed point property of E , we have shown that
⋂∞
n=1 Fix(Tn) = Fix(r) = ∅ which is the our desired result.
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⋂n
j=1 Fix(Tn) is a nonempty nonexpansive retract of C . The
proof is by induction n. If n = 1, then Fix(T1) is a nonempty nonexpansive retract of C by Theorem 2.1 and the assumption
that E has the σ(E,Γ )-ﬁxed point property. Now suppose that
⋂n
j=1 Fix(T j) is a nonempty nonexpansive retract of C and
R : C → ⋂nj=1 Fix(T j) a nonexpansive retraction. We claim that Fix(Tn+1R) = ⋂n+1j=1 Fix(T j). The inclusion ⋂n+1j=1 Fix(T j) ⊆
Fix(Tn+1R) is trivial. To prove the reverse inclusion, suppose Tn+1R(x) = x. Because Tn+1 commutes with T1, . . . , Tn and
R(x) ∈⋂nj=1 Fix(T j), it follows that ⋂nj=1 Fix(T j) is Tn+1-invariant and x= Tn+1R(x) ∈⋂nj=1 Fix(T j). Hence, Rx= x and then
x = Tn+1R(x) = Tn+1(x). That is x ∈⋂n+1j=1 Fix(T j). So, Fix(Tn+1R) ⊆⋂n+1j=1 Fix(T j). The ﬁxed point set of a nonexpansive self
mapping of C is, by Theorem 2.1 and the σ(E,Γ )-ﬁxed point property of E , a nonempty nonexpansive retract of C . Thus⋂n+1
j=1 Fix(T j) is a nonempty nonexpansive retract of C , which completes the induction. 
The following is the main result of this section.
Theorem 3.3. If a Banach space E has the σ(E,Γ )-ﬁxed point property, then E has the σ(E,Γ )-ﬁxed point property for commuting
separable semitopological semigroups.
Proof. Let C be a nonempty σ(E,Γ )-compact convex subset of E and let S = {Ts: s ∈ S} be a continuous representation
of a commuting separable semitopological semigroup S . Assume that {sn} is a countable dense subset of S . Then, by the
σ(E,Γ )-ﬁxed point property and Lemma 3.2, the commuting sequence {Tsn } has a common ﬁxed point in C , say z0. On
the other hand, since {sn} is dense in S and S is a continuous representation of S , it follows that {Tsn x} ⊇ {Tsx: s ∈ S}, for
every x ∈ C . In particular, {z0} = {Tsn z0} ⊇ {Tsz0: s ∈ S}. That is, z0 is a common ﬁxed point for the semigroup S and then
Fix(S) = ∅ and the proof is complete. 
For a dual Banach space E with predual X , taking Γ = n(X), we have the following corollary which may be considered
as a partial answer to Problem 6.2 in [13].
Corollary 3.4. If a dual Banach space E has the weak∗ ﬁxed point property, then E has the weak∗ ﬁxed point property for commuting
separable semitopological semigroups.
4. Ergodic retractions for semigroups in dual spaces
The ﬁrst nonlinear ergodic theorem for nonexpansive mappings in a Hilbert space was established by Baillon [2]: Let C
be a nonempty closed convex subset of a Hilbert space H and let T be a nonexpansive mapping of C into itself. If the set






converge weakly to some y ∈ Fix(T ). In Baillon’s theorem, putting y = Px for each x ∈ C , P is a nonexpansive retraction of C
onto Fix(T ) such that P Tn = Tn P = P for all positive integers n and Px ∈ co{Tnx: n = 1,2, . . .} for each x ∈ C . Takahashi [28]
proved the existence of such retractions, “ergodic retractions”, for non-commutative semigroups of nonexpansive mappings
in a Hilbert space: If S is an amenable semigroup, C is a closed, convex subset of a Hilbert space H and S = {Ts: s ∈ S}
is a nonexpansive semigroup on C such that Fix(S) = ∅, then there exists a nonexpansive retraction P from C onto Fix(S)
such that P Tt = Tt P = P for each t ∈ S and Px ∈ co{Ttx: t ∈ S} for each x ∈ C . These results were extended to uniformly
convex Banach spaces for commutative semigroups in [9] and for non-commutative amenable semigroups in [16,17]. For
some related results, we refer the readers to the works in [24,25,27]. In what follows, we present the corresponding results
for dual Banach spaces.
We will need the following two lemmas.
Lemma 4.1. Let E be a dual Banach space with predual X , let f : S → E be a bounded function and let D be a subspace of l∞(S)
containing all the functions t 
→ 〈x, f (t)〉 with x ∈ X. Then, for any μ ∈ D∗ , there exists a unique element Fμ in E such that 〈z, Fμ〉 =
μt〈z, f (t)〉, for all z ∈ X. Furthermore, if 1 ∈ D and μ is a mean on D, then Fμ is contained in co{ f (t): t ∈ S}w∗ .
Proof. We deﬁne a functional Fμ on X by 〈z, Fμ〉 = μt〈z, f (t)〉, for all z ∈ X . Then, it is obvious that Fμ is linear in z.
Moreover, since∣∣〈z, Fμ〉∣∣= ∣∣μt 〈z, f (t)〉∣∣ sup
t
∣∣〈z, f (t)〉∣∣.‖μ‖ ( sup
t
∥∥ f (t)∥∥).‖z‖.‖μ‖,
Fμ is continuous on X . Hence, Fμ ∈ E .
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λα,i f (tα,i) ∈ co
{
f (t): t ∈ S}, ∀α.
Now, because
〈z, Fμα 〉 = (μα)t
〈
z, f (t)
〉→ μt 〈z, f (t)〉= 〈z, Fμ〉, ∀z ∈ X,
{Tμα } converges to Fμ with the weak∗ topology. Therefore,
Fμ ∈ co
{
f (t): t ∈ S}w∗ . 
One can show the above Fμ by
∫
f (t)dμ(t).
Lemma 4.2. Let S be a semigroup, E a dual Banach space with predual X , C a weak∗ closed convex subset of E, S = {Tt : t ∈ S} a
nonexpansive semigroup on C such that {Ttu: t ∈ S} is bounded for some u ∈ C, D a subset of l∞(S) such that 1 ∈ D and the mapping
t → 〈z, Ttx〉 is an element of D for each x ∈ C and z ∈ X, and μ a mean on D. Then, taking Tμz =
∫
Tt z dμ(t), the following hold.
(i) Tμ is a nonexpansive mapping from C into itself.
(ii) Tμx= x for each x ∈ Fix(S).
(iii) Tμx ∈ co{Ttx: t ∈ S}w∗ , for each x ∈ C.
(iv) If X is rs-invariant for each s ∈ S and μ is right invariant, then TμTt = Tμ for each t ∈ S.
Proof. Let x, y ∈ C and choose some ε > 0. Since
‖Tμx− Tμ y‖ = sup
‖z‖1
∣∣〈z, Tμx− Tμ y〉∣∣,
we may choose some z0 ∈ X with ‖z0‖ 1 and
‖Tμx− Tμ y‖ − ε 
∣∣〈z0, Tμx− Tμ y〉∣∣.
Hence,
‖Tμx− Tμ y‖ − ε 
∣∣μt〈z0, Ttx− Tt y〉∣∣ sup
t
‖Ttx− Tt y‖ ‖x− y‖.
This proves (i). For (ii) choose x ∈ Fix(S), z ∈ X and note that
〈z, Tμx〉 = μt〈z, Ttx〉 = μt〈z, x〉 = 〈z, x〉.
The assertion (iii) is a corollary of Lemma 4.1. For (iv), we note that〈
z, Tμ(Tsx)
〉= μt〈z, Ttsx〉 = μt〈z, Ttx〉 = 〈z, Tμx〉
for every x ∈ C and each z ∈ X . That is TμTs = Tμ for all s ∈ S . 
We are now ready to state our ergodic theorems.
Theorem 4.3. Let C be a weak∗ closed convex subset of a dual Banach space E, S = {Tt : t ∈ S} be a right amenable nonexpansive
semigroup on C such that Fix(S) = ∅. Assume one of the following assumptions is satisﬁed:
(a) for every nonempty weak∗ compact convex S-invariant subset K of C ,
K ∩ Fix(S) = ∅;
(b) E is strictly convex.
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convex S-invariant subset of C is also P -invariant.
Proof. Let R be a nonexpansive retraction obtained in Theorem 2.1 and Tμ a nonexpansive mapping obtained in Lemma 4.2.
Then P = R ◦ Tμ is a nonexpansive retraction satisfying the conclusion of the theorem. 
As a direct corollary of Theorem 4.3, we have the following which enables us to give some examples.
Corollary 4.4. Let C be a nonempty weak∗ closed convex subset of a dual Banach space E having the weak∗ ﬁxed point property for
left reversible semigroups. Let S = {Ts: s ∈ S} be a continuous representation of a left reversible and right amenable semigroup of
nonexpansive mappings on C . Then, there exists a nonexpansive retraction P : C → Fix(S) for which P Tt = Tt P = P , for all t ∈ S, and
every weak∗ closed convex S-invariant subset of C is also P -invariant.
Example 4.5. Let C be a nonempty weak∗ closed convex subset of any of the following spaces:
(i) 1;
(ii) Fourier–Stieltjes algebra of a compact group;
(iii) the Schatten (trace) class operators on a Hilbert space;
(iv) the Hardy space H1 on the unit disc of complex plane.
It is well known that the above mentioned dual Banach spaces have the weak∗ ﬁxed point property for left reversible
semigroups [19,13,23,22]. Hence, by Corollary 4.4, if S = {Ts: s ∈ S} is a continuous representation of a left reversible and
right amenable semigroup of nonexpansive mappings on C , there exists a nonexpansive retraction P : C → Fix(S) for which
P Tt = Tt P = P , for all t ∈ S , and every weak∗ closed convex S-invariant subset of C is also P -invariant.
Finally, combining the results of the previous section and Theorem 4.3, we can get the following.
Theorem 4.6. Let C be a nonempty weak∗ closed convex subset of a dual Banach space E with the weak∗ ﬁxed point property and
let S = {Ts: s ∈ S} be a continuous representation of a commuting separable semitopological semigroup S on C with Fix(S) = ∅.
Then, there exists a nonexpansive retraction P : C → Fix(S) for which P Tt = Tt P = P , for any t ∈ S, and every weak∗ closed convex
S-invariant subset of C is also P -invariant.
Proof. Applying Theorem 3.3, it follows that condition (a) in Theorem 4.3 holds, here. Hence, from Theorem 4.3 and the
fact that a commutative semigroup is amenable, the desired result follows. 
Remark 4.7. It is worth mentioning that a result similar to Theorem 4.3 with condition (a) had been proved by Lau in [12],
for a bounded semigroup of linear operators.
Remark 4.8. In the theorems given in this section, we may obtain ergodic retractions that satisfy a sort of minimality.
Indeed, in Theorem 4.3, deﬁning
 := {T ∈ CC : T is nonexpansive, T ◦ Tt = T , ∀t ∈ S, and every weak∗ closed convex
S-invariant subset of C is also T -invariant},
it is easy to see that the mapping Tμ obtained in Lemma 4.2 belongs to  and consequently  = ∅. Now, by an argument
like one that used in proof of Theorem 2.1, we can obtain an nonexpansive retraction P : C → Fix(S) in  satisfying the
following minimality property:
if T ∈  and ∥∥T (x) − T (y)∥∥ ∥∥P (x) − P (y)∥∥, ∀x, y ∈ C, then ∥∥T (x) − T (y)∥∥= ∥∥P (x) − P (y)∥∥.
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